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ADAPTIVE CONTROL UNDER UNCERTAINTY 

Anishchenko A., Khrustalova S., Timofeyev V. 

 

Rapid progress of computing technology and significant increase of microprocessor 

performance open new opportunities for real-time control of complex objects. First of all, we are 

talking about adaptive control systems in the broad sense, which use in real time the incoming 

information about signals and parameters of the object under study to develop control actions 

under conditions of significant uncertainty about the object and disturbances acting on it. 

 

One of the fundamental problems of control theory is the problem of control, 

i.e., determining or estimating the system parameters at different points in time. 

Knowledge of system parameters plays an important role in system theory when 

solving control, observation, forecasting and diagnostic problems [2].  

The task of identification and the closely related task of control and detection 

of changes in the properties of an object consists in the construction of an optimal in 

some sense model of the system (object) based on the results of observations of input 

and output coordinates of the system, i.e., a formalized representation of this  

system [3, 4,] and the detection of changes (control) using this model. 

In practice, the so-called identification problem in a narrow sense often arises. 

The identification problem in this sense consists in estimating the parameters and 

state of the system based on the results of observations of input and output variables 

obtained under conditions of normal functioning of the object. In this case,  

the structure of the system is known and the class of models to which the  

object belongs is specified. 

A priori information about the object and its operating conditions is often 

absent or very poor, so additional tasks have to be solved beforehand. These tasks 

include: studying the nature and character of external influences, estimation of noise 

boundaries, early technical diagnostics and control of the object. In this case, control 

implies recognizing the state of the technical system and detecting changes in the 

properties of the functioning object [5]. 

The proposed work solves the problem of identification, control and 

management of dynamic stochastic systems under conditions of normal operation  

and significant a priori uncertainty about the noise affecting the object (there is  

a complete lack of information about the nature and character of the noise) on the 

basis of an unconventional adaptive approach. 
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https://doi.org/10.30837/MMP.2025.008
https://doi.org/10.30837/MMP.2025.008


9 

1. Mathematical models of dynamic stochastic objects 
 

Dynamic objects are described by differential, integral and functional equations 

with respect to some coordinates characterizing their state [5]. The use of 

computational tools to control such objects leads to the necessity to describe the 

studied objects by differences or differential equations. 

Linear dynamic stochastic objects (Fig. 1) in general case can be represented 

by a linear difference equation: 

       
1 0 0

,

m ln

i i i
i i i

y k a y k i b u k i c w k i
  

                      (1) 

where  y k  – output signal,  u k  – input signal,  w k  – perturbation (disturbance); 

     1,..., , 0,1,..., , 1,...,i i ia i n b i m c i l   – object parameters to be determined; 

0,1,2,...k   – discrete time. 

 

Fig. 1. Linear dynamic stochastic object in general form 

 

Introduction of the delay operator 1q , defined in accordance with the condition  

   ,dq y k y k d                                        (2) 

allows to represent equation (1) in the operator form 

           1 1 1A q y k B q u k C q w k                           (3) 

or 

         1 1 ,u wy k K q u k K q w k                             (4) 

where 

           1 1 1 1 1 1,u wK q B q A q K q C q A q                     (5) 

are the transfer functions of the object under control and perturbation, respectively. 

If the dynamic object is stable (and below this assumption is used everywhere), 

then the roots of the characteristic polynomial are as follows 

 1 1 2
1 21 ... n

nA q a q a q a q         

lie inside the unit circle centered at the origin. 

Object  

to be controlled 

u(k) 

w(k) 

y(k) 
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Moreover, the dynamic object (1) is minimal-phase if the roots of polynomials 

 

 

1 1 2
0 1 2

1 1 2
0 1 2

... ,

...

m
m

l
l

B q b b q b q b q

C q c c q c q c q

   

   

    

    

 

lie inside the unit circle centered at the origin, and non-minimal-phase otherwise. 

The task of structural identification consists in determining the order of  

the polynomials used in the description. The parametric identification task consists  

in determining the parameters of polynomials whose order is already known  

or estimated. In this case, all parameters to be determined, are included in some 

vector of unknown parameters. 

         1 1, , .u wy k K q u k K q w k                             (6) 

Equations (1), (3), (4) are the most general and cover as special cases various 

objects and processes (regression, autoregression, moving average, etc.). 

Let us focus on some common ways of describing dynamic objects. Let’s 

consider an autoregressive model to describe dynamic objects. Autoregressive 

models or ARX models have been investigated in [6]. ARX models are described  

in the form of the following difference equation 

           1 11 ... ...n my k a y k a y k n b u k b u k m w k                  (7) 

or 

         1 1 .A q y k B q y k w k                                (8) 

In equation (5), white noise enters as an unobservable quantity. If we denote 

«and», we can see that (8) coincides with (6). 

To represent a nonstationary dynamic object by an ARX model, the following 

relation is used: 

         

         

1

1

1 ...

1 ...

n

m

y k a k y k a k y k n

b k u k b k u k m w k

     

     
                      (9) 

or 

           1 1, , .A q k y k B q k u k w k                           (10) 

This model contains a time-dependent vector of adjustable parameters of the form 

          1 1,..., , ,..., .
T

n mk a k a k b k b k                            (11) 

By labeling   

          1 ,..., , 1 ,..., ,
T

k y k y k n u k u k m                       (12) 
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we can rewrite (10) as follows: 

       .Ty k k k w k                                      (13) 

The obtained relation (13) describes a model of pseudo-linear regression type, 

for the study of which it is possible to apply developed methods of linear regression 

analysis [6]. It should be noted that the description of a linear dynamic object in the 

form of (13) is currently widespread, as it allows to represent the identification  

and control algorithm in a fairly simple and visual form. 

Along with autoregressive models, autoregressive moving average models 

(ARMAX-models) are widely used. ARMAX-models were introduced to solve 

system identification problems by Ostrem and Bolin [7] and since then such models 

are among the most popular structures. Various modifications of ARMAX-models 

are given in [8]. 

The main difference between the ARMAX model and the ARX model (9)  

is to give more flexibility in describing the properties of the disturbance. In this 

model, the model error is represented as a moving average of white noise, which 

leads to the following relation: 

         

       

         

1

1

1

1 ...

1 ...

1 ..... .

n

m

l

y k a k y k a k y k n

b k u k b k u k m

w k c k w k c k w k l

     

     

     

                    (14)  

If we denote 

     1 1
1, 1 ... l

lC k q c k q c k q      , 

then equation (14) can be written in the form of 

           1 1 1, , ,A k q y k B k q u k C k q w k    ,                  (15) 

which leads to (6) if we put 

     1 1 1, , , , , ,uK k q B k q A k q      , 

     1 1 1, , , , , ,wK k q C k q A k q       

Then 

              1 1 1,..., , ,..., , ,..., .
T

n m lk a k a k b k b k c k c k   

In this case, initialization of the estimation procedure at the moment 0k   

requires knowledge of the following quantities    0 ,..., 1y y k  ,  max ,k n l  , 

   ˆ ˆ0 ,..., 1y y l  , where   ŷ k  is the estimate of the model output signal. 



12 

If these quantities are missing, they can be taken equal to zero, which 

introduces inaccuracy into the model. It is also possible to start the recursion at the 

moment   max ,k u l
 and include the unknown initial conditions  , 1,...,y k k l   

in the vector  . 

Having introduced the notations  

     ˆk y k y k                                         (16) 

              1 ,..., , 1 ,..., , 1 ,...,
T

y k y k y k n u k u k m k k l               (17) 

expression (15) can be written as follows: 

       .Ty k k k w k                                     (18) 

The variable used in the relationship  k  is called the prediction error or 

generalized residual. Equation (18) itself is called a pseudolinear regression  k  

due to the nonlinear dependence of the vector on  k . 

The structures discussed above can actually lead to a large number of models, 

depending on which of the sets , ,A B C  are included in the model. For convenience,  

a generalized model structure for describing a non-stationary object can be used: 

   
 
 

 
 
 

 

1 1

1

1 1

, ,
,

, ,

B k q C k q
A k q y k u k w k

B k q C k q

 



 
   

where 

     

     

1 1
1

1 1
1

, 1 ... ;

, 1 ... .

l
l

l
l

B k q b k q b k q

C k q c k q c k q

  

  

   

   

 

The variable  k  used in the relationship is called the prediction error  

or generalized residual. Equation (18) itself is called a pseudolinear regression  

due to the nonlinear dependence of the vector  k  on  k . 

The structures discussed above can actually lead to a large number of models, 

depending on which of the sets are included in the model. , ,A B C .  

For convenience, a generalized model structure for describing a non-stationary 

object can be used: 

   
 
 

 
 
 

 

1 1

1

1 1

, ,
,

, ,

B k q C k q
A k q y k u k w k

B k q C k q

 



 
  ,                      (19) 



13 

where 

     

     

1 1
1

1 1
1

, 1 ... ;

, 1 ... .

l
l

l
l

B k q b k q b k q

C k q c k q c k q

  

  

   

   

 

However, for most practical purposes this structure is too general.  

In applications, one or more of the five polynomials are usually assumed to be  

equal to 1. Using the above  k  vector of generally non-stationary parameters  

and the generalized history vector  k  allows us to represent model (19) as  

a pseudo-linear regression (18). If the input signals  u k  and outputs  y k  are 

vectors  1up   and  1yp   respectively, then the simplest generalization of the  

set of models (6) is 

         

         

1

1

1 ...

1 ...

n

m

y k A k y k A k y k n

B k u k B k u k m w k

     

     
,                     (20) 

where    ,i iA k B k  are the matrices of dimensions y yp p  and y up p , 

respectively. Similarly, matrix polynomials of the variable are introduced: of the 

models (6) there are 

     

     

1 1
1

1 1
1

, ... ;

, ... .

n
n

m
m

A k q A k q A k q

B k q B k q B k q

  

  

  

  

 

In this case, we get not a vector, but a  ( )k matrix of the required parameters 

of dimension   y u ynp mp p : 

           1 2 1, ,..., , ,...,
T

n mk A k A k A k B k B k                              (21) 

and 

         1 ,..., , 1 ,...,
T

T T T Tk y k y k n u k u k m        
 

 –            (22) 

a column vector of dimension   1y un p m p    , which allows us to represent (21) 

by the matrix equation of linear regression (13). 

These formulas can be considered as a set of linear regressions written one 

under the other with the same input vector. 

Thus, as follows from the above, the description of a yp  linear dynamic 

stochastic object by equation (13) is quite general. On the other hand, the 

representation of the object under study by model (13) allows the use of  
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well-developed methods of regression analysis and methods for identifying static 

objects for identifying parameters. 

These formulas can be viewed as a set of linear regressions written one under 

the other with the same input vector. However, the application of regression analysis 

methods requires certain assumptions regarding the statistical properties of useful 

signals and interference. In particular, it is assumed that the interference is a random 

  vector with zero mathematical expectation and a diagonal covariance matrix. 

      20, 1,2,..., , cov ( .wM k i k k I                               (23) 

Here  M  – the symbol is the symbol of mathematical expectation, 

2
w – is the variance of noise, 

I  – is the identity matrix of dimension k k . 

All limitations associated with classical regression analysis are determined  

by the traditional criterion of squared errors and, accordingly, the least squares 

method, which is quite rigidly tied to the normal distribution law of variables  

and disturbances. If, however, it is only known about the interference that it is  

limited in amplitude 

 w k   ,                                             (24) 

then other methods are used to estimate the parameters, which do not use any 

information about the statistical properties of disturbances except for their belonging 

to a certain limited interval. 

Currently, for estimating parameters in the presence of limited-amplitude 

interference, the most widely used algorithms are those based on the polytope method 

(and, as a special case, orthotopes), algorithms containing a dead zone, and 

algorithms based on constructing ellipsoids. This direction is currently developing 

rapidly and attracts much research. 

 

2. Recursive identification algorithms 
 

We consider an object described by the pseudolinear regression equation (13): 

       Ty k k k w k   

with noise satisfying constraint (24) 

 w k  . 

Then equation (13) can be rewritten as 

       Ty k k k w k   
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with a vector of sought parameters satisfying the system of inequalities 

 w k  . 

Then equation (13) can be rewritten as 

       Tk y k k k    

with a vector  ˆ k  sought parameters satisfying the system of inequalities 

      
2

2 1,2,...Ty k k k k      

Only those that belong to the set can be used as estimates. 

With the vector of the sought parameters satisfying the system of inequalities. 

Only those that belong to the set can be used as estimates: 

     
2

2: .
T

S k y k k 
   

     
   

                                  (25) 

The undefined parameters belong to the domain bounded by the  

hyperplanes (25). The domain is a simple connected domain. The space is a convex 

polytope, which can become quite complex if - is large (Fig. 2). 

From a geometric point of view, the set ( )S k  is a monotonically increasing 

sequence of intersections of convex polytopes ( )F k  

     
1

1
k

j
j

S k F S k F k


                                (26) 

      : .F k y k k                                 (27) 

Calculating estimates  ˆ S k  is a complex problem, the solution of which 

can be significantly simplified by constructing a certain set that restricts  S k  [10]. 

These restrictions can be specified in the form of orthotopes [11]. The problem of 

constructing an identification algorithm consists of finding a procedure for recurrent 

refinement based on the existing values when new observations of input and output 

signals arrive  S k . The region of uncertain parameters, limited by hyperplanes (25), 

can be approximated by an orthotope whose edges are parallel to the axes.  

A geometric illustration of this approach is shown in Fig. 3. 

The boundaries min , max of the indefinite interval are associated with the  

i -th parameter and give an idea of the minimum and maximum values of the criterion  

  ,i iJ                                                     (28) 

where is the permissible area of parameters   is the area  S k . 
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Fig. 2. Finding the range of acceptable values 

 

 

Fig. 3. Approximation of an indefinite interval by an orthotop 

 

Criterion (28) is determined by a set of linear inequalities. Each boundary, 

therefore, is obtained by solving the problem of linear programming [9, 10]. 

Calculating the boundaries of the orthotope requires the solution of linear 

programming tasks, where – the size of the space. Each of the linear programming 

problems contains linear inequalities. The resulting algorithm is not recurrent  

 
S 
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and involves a large number of more complex calculations than algorithms  

of the method of least squares (МНК). 

When the area  S k  is narrow and oriented at a large angle to the axes, 

limiting the axial orthotope can give very inaccurate results. However, it is possible 

to try to work with an orthotope of minimal volume.). 

If it is known about the interference that they satisfy the condition (24),  

then this information can be taken into account in the algorithm containing the  

zone of insensitivity. At the same time, the requirements regarding the knowledge  

of the properties of interference are reduced, but the identification algorithm  

itself is coarsened. 

The idea of using the insensitivity zone in the algorithm is based on the fact 

that even in the case of accurate determination of the model parameters, there 

remains an error (mismatch between the output signals of the object and the model),  

the magnitude of which is determined by the magnitude of the noise (24). On the 

identification algorithm it will be as follows. The magnitude of the error 

   1k k    in the case is equal 

       
T

y k k k w k  , 

as follows. The error value in the case of    1k k    is equal to 

       
T

y k k k w k  , 

that is, on the  1k  -m step, the correction of the estimate  1k   will be made  

on the value, defined  w k  and on the  1k  -om step, the  1k  estimate  

will be obtained. To prevent this from happening, a zone of insensitivity is 

introduced, in which case 

       
T

y k k k k    

that is, on the second step, the correction of the estimate will be made on the value 

determined and on the second step, the estimate will be obtained. To prevent this 

from happening, a zone of insensitivity is introduced, in which case 

 

;

0 ;

,

at

at

at

   

   

   

 

 

  







 

no assessment correction occurs when. 

Various algorithms including deadband type nonlinearity were considered  

in the works [11–13]. 
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If the noise distribution density is strictly limited in the interval  ,  , then 

these algorithms converge. The estimation procedure itself is reduced to the 

sequential projection of current estimates  1k   into a system of infinite bands 

limited by parallel planes and determined by inequalities in the parameter space  

     1
T

y k k k       . 

Thus, in [14] the following algorithm was considered: 

   
     

 
 

2

1

1 ,

T
y k k k

k k k
k

 




 
  

                                (29) 

which can be rewritten as: which can be rewritten a 

   
     

 
 

2

sign 1

1 ,

T
y k k k

k k k
k



 


 

                         (30) 

where is        1
T

k y k k k  
 

   
 

 is the distance from the point  1k    

to the strip: 

     1
T

r y k k k r      

where        1
T

k y k k k  
 

   
 

 – distance from the point  1k   to the 

strip      1
T

r y k k k r     . 

In [15] the dynamics of the Strip algorithm was studied: 

     
     

 
 

2
1 ,

T
y k k k

k k w k k
k


 




                           (31) 

where 

 
     

     

0, 1 ;

1, 1 .

T

T

if y k k k

w k

if y k k k

 

 


  


 
   


                              (32) 

In the work [16] the problem of constructing an algorithm with a dead zone 

that minimizes the criterion was considered 

      
21

1
2

J k k k                                           (33) 
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under restriction 

   e k k                                                   (34) 

and provided that the a posteriori error  0e k  satisfies the relation 

        0 0 0.e k i k r k i k                                       (35) 

Here 

       0 T
e k y k k k  ,                                            (36) 

 
 

 

0, ;

1,

if e δ
i k

if e δ,

k

k










                                             (37) 

    0
.i k sign e k                                                    (38) 

As can be seen from (36), the difference between the a posteriori error  0e k  

and  e k  is that when calculating  0e k  at the k -th step, the estimate  k  obtained 

at the k  same step is used, and not  1k  , used in  e k . 

In this case, the problem of constructing an algorithm is reduced to minimizing 

the Lagrange function of the form: 

                   
2 0 01

, ,
2

1J k k k e k e k k i kk k                 (39) 

where is the Lagrange multiplier  k . 

From the minimum condition it follows 

         
0; 0,

k k k k



  
 



 
                            (40) 

from which we obtain a system of equations, solving which we find 

         1 ,k k k k i k                                               (41) 

 
          

 

2
, 0;

0, 0.

if
k

e k i k r k k k

if k






 




 



                (42) 

The procedure (41)–(42) is a variation of the Kaczmarz algorithm, 

implementing a combination of the normalized least squares algorithm and the 

projection algorithm with a dead zone [18, 19]. 

The error functions used in the algorithms, taking into account the dead zone, 

are shown in Fig. 4, 5. 

The dead zone shown in Fig. 4 is described by the relations. 
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Fig. 4. The dead zone described by (42) 
 

The use of elements implementing the dead zone shown in Fig. 5 and described 

by the relation has become widespread. 

  
       

 

signe , ;
,

0, .

e e
f e k

if e

k k k k

k

if 




 








                      (44) 

 

Fig. 5. The dead zone described by (44) 

 

As noted earlier, the calculation of estimates  S k  is a complex problem, 

the solution of which can be significantly simplified by constructing a certain set, 

 S k  bounding in the form of ellipsoids [20], the center of which coincides  

with  k . In identification problems, algorithms based on the construction  

of ellipsoids and using the following properties of a unit ellipsoid have  

become widespread [21]: 

 1: 1 , 0p T TE x R x A x A A      
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– the axes of the ellipsoid form an orthogonal system of eigenvectors of  

the A matrix, and the 1/2
i  semi-axes are equal to, where are the i  eigenvalues 

 1,2,...,A i p ; 

– the volume of the ellipsoid is proportional to the product of the semi-axes, 

i.e. proportional to det A ; 

– the sum of the squares of the semi-axes  
2

1/2

1

k

i
i



 is equal to the trace of the 

matrix A .  

Let 

         1 21 : 1 1 1
T

E k k P k k r 
           

 
         (45) 

some ellipsoid that contains the intersection, i.e.  1S k  . Here    1 1S k E k   is 

the center of the ellipsoid    1 1S k E k   and is the matrix defining the semi-axes 

 1E k   (i.e. the orientation and dimensions of the ellipsoid). The matrix  1P k   is 

symmetrically permutable, and    1 1 0
T

P k P k    . For degenerate ellipsoids, the 

constraints correspond to two parallel hyperplanes,    1 1 0
T

P k P k     where is 

determined non-uniquely and is a matrix  1P k   with unit rank. 

The center of the ellipsoid  1k   is an estimate of the desired parameter 

vector   at time 1k  . The arrival of new measurements and gives the following 

value, and the intersection (26) due to the fact that    1 1S k E k   , is completely 

included in the intersection    1E k F k . The new ellipsoid is constructed so that. 

      1E F E kk k  .                                 (46) 

In addition, the new assessment must provide the condition 

1k kE E  .                                                 (47) 

Thus, the task of constructing an algorithm consists of finding such a recurrent 

refinement based    1 2, ,k P k r on the existing values upon    1 2, ,k P k r

receipt of new observations of input and output signals that (46) and (47) are 

satisfied. A geometric illustration of this approach is shown in Fig. 6. 

The ellipsoid  E k  is constructed with initial conditions  E k , where I  is the 

identity matrix of size p p , and is   some sufficiently large number. This means 
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that the initial ellipsoid 0E  is a sphere of radius 1/2 . The expression for the 

construction  E k  is as follows [22]: 

0 0, ,P I    

   
        

     
 

1 1
1 ,

1 1 )

T

T

P k y k k k
k k k

k P k k




 

   
   

 
                (48) 

   
       

     
1

1

1 1

1

T

T

P P
P k P k

P

k k k k

k k k

 

 
  



 


,                         (49) 

which is identical in structure to the recurrent least squares method (RLSM). 
 

 

Fig. 6. Ellipsoid constraint 
 

To minimize the geometric dimensions of an ellipsoid  E k , criteria such as 

minimum volume or minimum trace are used. The resulting algorithms are called, 

respectively, the «minimum volume algorithm» (or «volume-minimizing algorithm») 

and the «minimum trace algorithm» (or «trace-minimizing algorithm»). 

In [22], a recurrent procedure for calculating an ellipsoid  E k  was propose 

In the work [22], a recurrent procedure for calculating the ellipsoid was 

proposed. To minimize the geometric dimensions of an ellipsoid, criteria such as 

minimum volume or minimum trace are used. The resulting algorithms are called, 

respectively, the «minimum volume algorithm» (or «volume-minimizing algorithm») 

and the «minimum trace algorithm» (or «trace-minimizing algorithm»). 
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 

 
       

 

            (50) 

where    0,1k   is the parameter for forgetting outdated information; is the 

parameter for weighing (selecting) newly incoming information$ 

where    0,1k    obsolescence parameter; 

   0,1k    weighting (selection) parameter for newly received information. 

The task of constructing an algorithm is reduced to finding the center  k  of 

an ellipsoid  E k . After transformations, we arrive at a standard optimal algorithm 

constructed on the basis of bounded ellipsoids: 

           1 ;k k k P k k e k                                    (51) 

 
 

 
         

         

1 11
1

1

T

T

k P k k k P k
P k P k

k k k k P k k

  

    

  
   
   

 ;               (52) 

       .e k y k k k                                             (53) 

Various modifications of the algorithm (50)–(53) can be obtained by specifying 

the rules for setting freely selectable parameters of the algorithm  k  and  k .  

In [23], it was proposed to select the parameters as follows: 

     2 2
,1k kr k r    .                                      (54) 

The variable  k , which is determined by minimizing the geometric 

dimensions of the ellipsoid  E k , depends on both the step number and the values of 

the input variables. In principle, it is possible to accept, but this means that the newly 

received measures do not carry any new information. In this case, the dimensions  

of the ellipsoid do not change, and the estimates will not be refined. 

The variable  k , which is determined by minimizing the geometric 

dimensions of the ellipsoid  E k , depends on both the step number and the values  

of the input variables. In principle, it is possible to accept   0k  , but this  

means that the newly received measurements do not carry any new information.  

In this case, the dimensions of the ellipsoid do not change and there will be no 

refinement of the estimates. 
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Ellipsoidal algorithms have become widespread not only in identification 

problems, but also in control problems when detecting disorders and monitoring 

parameter changes. At the same time, these algorithms, due to their numerical 

cumbersomeness, are poorly suited for real-time operation, and therefore their  

use in real-time control and management problems seems very problematic.  

In this regard, it seems appropriate to synthesize identification algorithms that  

are numerically simple, fast-acting, and suited for real-time operation in a closed  

loop of an adaptive control system. 

 

3. Control systems for dynamic stochastic objects 
 

Any control object (CO) is characterized by the following main groups  

of variables: 

– variables characterizing the state of the object and the signals at its output, 

and their totality will be designated by the vector y . These variables in the control 

process must be maintained at a given level or changed according to a given law 

described by the vector y . The control accuracy may vary depending on the 

requirements dictated by the technology and the capabilities of the control algorithm. 

As a rule, the variables included in the vector are measured either directly or 

calculated using the mathematical model of the CO; 

– variables, by changing which the regulator can affect the technological 

process for the purpose of control. The totality of these variables will be described  

by the vector of control actions; 

– variables, the changes of which are not related to the impact of the control 

system. These variables reflect the impact of external conditions on the control 

object, changes in the characteristics of the process itself, etc. They are called 

disturbing effects and are denoted by the vector. The vector of disturbing effects,  

in turn, can be divided into two components, the first of which can be measured,  

and the second cannot. As a rule, the second component describes random effects 

(interference) to which any real object is subject. 

A linear stochastic control object [20] can be described by the following 

differential equation  

 
   

     
 

   

1

0 1 1

...

... ... ,

n

n n

m l

m lm l

dy d y
y t

dt dt

u du d u dw d y
w t

dt dt dtdt dt

t t

t t t t t

 

    

   

       

       (55) 
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where    ,y t u t  and  w t  are the output, control, and disturbance signals, 

respectively, at the time t ; 

are the orders of the object by output, control, and disturbance, respectively; 

are the , ,n m l  parameters of the object. 

Qualitatively, the meaning of any problem in control theory is to select such 

control effects so that the control object behaves in some desired way, most often 

such that the output signals would be in some sense close to a given law, i.e. it is 

required to ensure a minimum of some function of the control error, where there  

is continuous time. 

Control laws based on low-order controllers, such as PID controllers,  

can provide optimal control of objects usually not higher than the second order. 

Although in practice PID controllers are often used to control higher-order objects, 

the quality of control in this case can be far from optimal. In addition, tuning  

a PID controller requires high qualifications and is most often performed using 

heuristic rules such as the Ziegler–Nichols rule and the Takahashi rule based on it.  

At the same time, the importance of effective controller tuning is difficult to 

overestimate, since even small variations in parameters can lead to a significant 

change in the type of transient processes, which can lead to overexpenditure  

of energy resources, a decrease in the safety of technological processes and  

a deterioration in product quality. Thus, there is a need to develop automated 

procedures for tuning controllers that would reduce the influence of subjective 

factors, such as the experience of the operator or engineer performing the tuning and 

improve the quality of control. Moreover, optimal control can be achieved using 

controllers whose order is equal to the order of the control amplifier. 

Control laws based on low-order controllers, such as PID controllers,  

can provide optimal control of objects usually not higher than the second order. 

Although in practice PID controllers are often used to control higher-order objects, 

the quality of control in this case can be far from optimal. In addition, tuning  

a PID controller requires high qualifications and is most often performed using 

heuristic rules such as the Ziegler–Nichols rule and the Takahashi rule based on it.  

At the same time, the importance of effective controller tuning is difficult to 

overestimate, since even small variations in parameters can lead to a significant 

change in the type of transient processes, which can lead to overexpenditure  

of energy resources, a decrease in the safety of technological processes and  

a deterioration in product quality. Thus, there is a need to develop automated 

procedures for tuning controllers that would reduce the influence of subjective 

factors, such as the experience of the operator or engineer performing the tuning and 
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improve the quality of control. Moreover, optimal control can be achieved using 

controllers whose order is equal to the order of the control amplifier. 

Adaptive controllers can be divided into two classes. 

The first class includes self-optimizing controllers, whose task is to achieve the 

best control quality for a given optimality criterion and the presence of certain 

information about the object and its signals. 

The adaptation process in control systems with this type of controller occurs  

in three stages: 

1. Identification of the object or control system as a whole. 

2. Calculation of the controller. 

3. Adjustment of the controller or control system as a whole. 

The second group of adaptive controllers includes controllers with  

a reference model. 

Their task is to obtain such a response of the closed control loop to a certain 

input signal that would be as close as possible to the response to the same signal  

of the reference model. 

This adaptation principle assumes the presence of some measurable external 

signal (for example, a reference action in a tracking system), and adaptation is 

performed only in those periods when this signal begins to change. In this case,  

the adaptation process also consists of: 

1. Identification of the object or the control system as a whole. 

2. Calculation of the regulator. 

3. Adjustment of the regulator or the control system as a whole. 

The second group of adaptive regulators includes regulators with  

a reference model.  

Their task is to obtain such a response of the closed control loop to a certain 

input signal that would be as close as possible to the response to the same signal  

of the reference model. 

 

Conclusions 
 

The analysis of various literary sources devoted to the solution of control 

problems allowed us to present the existing approaches to solving the specified 

problems and the place of this study in the following diagram. Here, the class  

of adaptive critical control systems is especially highlighted. 

The problem of adaptive identification, control and critical management of 

dynamic, non-stationary, stochastic objects under conditions of normal operation  

and significant a priori and current uncertainty about disturbances acting on  
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the object (there is no information about the nature and character of disturbances)  

is considered using training models and in the presence of various types of 

restrictions (on amplitudes, rate of change, energy, etc.) of control and output signals, 

is non-stationary. 

The problem of adaptive identification, control and critical management of 

dynamic, non-stationary, stochastic objects under conditions of normal operation  

and significant a priori and current uncertainty about disturbances acting on the 

object (there is no information about the nature and character of disturbances) using 

training models and in the presence of various types of restrictions (on amplitudes, 

rate of change, energy, etc.) of control and output signals is considered, is  

non-stationary. Developed in works [1–7] and summarized in the monograph [8],  

a new approach to the synthesis of robust methods of estimation, identification  

and adaptive control of static and dynamic objects under uncertainty is based on the 

set-theoretic approach to the interpretation of uncertainty. In this case, the main  

idea of the approach to the formalization of uncertainties of unknown nature is the 

use of parametric families of multiple estimates that cover the entire space and can be 

considered as fuzzy multiple estimates of unknown quantities. This idea is used  

for simultaneous estimation of both unknown parameters of the object and  

unknown characteristics of unmeasured disturbances included in the extended  

vector of estimates. The algorithm for adjusting the estimates of the trained model  

is built in the class of recurrent finitely convergent procedures for solving  

systems of inequalities [9]. 

The synthesis of control algorithms themselves is reduced to the problem of 

stochastic optimization of the mathematical expectation of a certain function or 

functional that determines the requirements for the desired value of the output signal 

of the object. An analysis of various literary sources devoted to solving control 

problems made it possible to present existing approaches to solving these problems 

and the place of this study in the following diagram. Here, the class of adaptive 

critical control systems is especially highlighted. The problem of adaptive 

identification, control and critical management of dynamic, non-stationary, stochastic 

objects under conditions of normal operation and significant a priori and current 

uncertainty about disturbances acting on the object (there is no information about the 

nature and nature of disturbances) is considered using training models and in the 

presence of various types of restrictions (on amplitudes, rate of change, energy, etc.) 

of control and output signals, is considered. 

It is assumed that the parameters of the control law are a priori unknown and 

can change unpredictably over time, and external disturbances are of an unknown 
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nature (stochastic, deterministic, chaotic, etc.) and are limited in amplitude.  

The control goal is considered to be achieved if all inequalities are satisfied. 

Thus, the work is the study and solution of the problem of adaptive critical 

control of dynamic non-stationary objects operating under conditions of significant  

a priori and current uncertainty, using training models. 

To achieve the stated goal, it is necessary to solve the following problems: 

– analysis and selection of structures of models, methods, procedures and 

spaces of signal description for solving the problem of adaptive critical control; 

– development of methods and algorithms of critical control for ARMAX 

objects taking into account different representations of signals acting on the control 

object, optimization of parameters; 

– synthesis of adaptive identification methods that are not based on 

optimization of analytical evaluation criteria and intended for operation in the  

circuit of a critical control system; 

– search for optimal conditions that ensure maximum performance of 

identification methods when working with non-stationary objects; 

– development and analysis of methods and algorithms of adaptive  

critical control based on the proposed critical control procedures and adaptive 

identification methods; 

– simulation modeling and experimental studies of synthesized control laws  

for dynamic objects of various types; 

– implementation of adaptive critical control methods. 
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